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Measurements of the microwave surface impedance Zs(T ) = Rs(T )+ iXs(T ) and of the complex
conductivity σs(T ) of high-quality, high-Tc single crystals of YBCO, BSCCO, TBCCO, and TBCO
are analyzed. Experimental data of Zs(T ) and σs(T ) are compared with calculations based on
a modified two-fluid model which includes temperature-dependent quasiparticle scattering and a
unique temperature variation of the density of superconducting carriers. We elucidate agreement
as well as disagreement of our analysis with the salient features of the experimental data. Existing
microscopic models are reviewed which are based on unconventional symmetry types of the order
parameter and on novel mechanisms of quasiparticle relaxation.
I. INTRODUCTION
High-precision microwave measurements of the tem-
perature dependence of the surface impedance Zs(T ) =
Rs(T ) + iXs(T ) of high-Tc superconductors (HTS’s) ad-
vance considerably our understanding of pairing of super-
conducting electrons in these materials. In particular, in
1993, the observed linear T –dependence of the penetra-
tion depth, λ(T ) − λ(0) ∝ ∆Xs(T ) ∝ T below 25 K
in the ab-plane of high quality YBa2Cu3O6.95 (YBCO)
single crystals1 gave rise to productive investigations of
the order parameter of HTS’s. Such linear variation of
λ(T ) at low T has by now been observed not only in
orthorhombic YBCO single crystals2–14 and films15–18,
but also in tetragonal Bi2Sr2CaCu2O8 (BSCCO)
19–22,
Tl2Ba2CuO6+δ (TBCO)
23,24 and Tl2Ba2CaCu2O8−δ
(TBCCO)10 single crystals. This temperature depen-
dence is not in accord with a nearly isotropic supercon-
ducting gap and it is now considered to provide strong
evidence for d-wave pairing in these materials25–35, in
spite of the fact that the experimental data are not sen-
sitive to the phase of the superconducting order param-
eter. Later research has shown that ∆λab(T ) could be
linear at low T for models invoking the proximity effect
between normal and superconducting layers36 or assum-
ing anisotropic s-wave pairing37–39. However, none of
these theories can explain substantially different slopes
of ∆λab(T ) at low T of YBCO samples grown by differ-
ent methods40 nor features, such as a bump9,11,16,41 or a
plateau8,10,12, observed in the intermediate temperature
range 0.3Tc < T < 0.8Tc. Models containing a mixed
(d+ s) symmetry of the order parameter42–56 hold some
promise for a successful description of these experimen-
tal features, but this would require additional theoretical
investigations.
Another important feature of the microwave response
of HTS crystals is the linear variation with tempera-
ture of the surface resistance Rs(T ) in the ab-plane at
low temperatures. At frequencies of about 10 GHz and
below the T –dependence of Rs(T ) in BSCCO, TBCO,
and TBCCO single crystals is linear over the range
0 < T <∼ Tc/219,21–23. For YBCO crystals ∆Rs(T ) ∝ T
for T <∼ Tc/3 and Rs(T ) displays a broad peak and valley
at higher temperatures4–14,57–61. This peak can be un-
derstood in terms of a competition between an increase
in the quasiparticle lifetime and a decrease in the quasi-
particle density as the temperature is lowered. The fairly
slow decrease in the quasiparticle density is indicative of
a highly anisotropic or unconventional order parameter,
resulting in a very small or vanishing energy gap, while
the increase in the quasiparticle lifetime is attributed to
the presence of inelastic scattering, which can be (i) due
to the exchange of antiferromagnetic spin fluctuations62,
which would naturally lead to d-wave pairing, or (ii)
due to strong electron-phonon interaction63–65 within the
anisotropic s-wave pairing model66,67. Moreover, there
have been suggestions of unconventional states for de-
scribing the charge carriers in the CuO planes like the
marginal Fermi liquid68,69 and the Luttinger liquid70,71.
However, to fit the data of YBCO, the inelastic scattering
rate has to decrease with temperature much faster than
any of these microscopic models would predict. Further,
the d-wave model, with point scatterers, does predict a
finite low temperature and low frequency limit, which is
independent of the concentration and the strength of the
scattering centers72. Therefore, the latter model does not
explain the very different values of the observed residual
surface resistance Rres ≡ Rs(T → 0) on different sam-
ples. Furthermore, the value of this universal surface
resistance is much lower than the Rres–values obtained
from experiments. There is no microscopic theory which
explains the linear temperature dependence of ∆Rs(T )
up to Tc/2 in the crystals with non-orthorhombic struc-
ture and the shoulder of Rs(T ) observed on YBCO
9,11
for T > 40 K.
In the absence of a generally accepted microscopic the-
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ory a modified two-fluid model for calculating Zs(T ) in
HTS single crystals has been proposed independently in
Refs.73,74 and then further developed in Refs.8,40,61,75.
Our phenomenological model has two essential features
different from the well-known Gorter-Casimir model76.
The first is the introduction of the temperature depen-
dence of the quasiparticle relaxation time τ(t) (t ≡ T/Tc)
described by the Gru¨neisen formula (electron–phonon in-
teraction), and the second feature is the unique density
of superconducting electrons ns(t) which gives rise to a
linear temperature dependence of the penetration depth
in the ab–plane at low temperatures
λ2(0)/λ2(t) = ns(t)/n ≃ n(1− αt), (1)
where n = ns+nn is the total carrier density, and α is a
numerical parameter in our model.
The goal of this paper is to demonstrate the power of
our model to describe the general and distinctive features
of the surface impedance Zs(T ) and the complex conduc-
tivity σs(T ) in the superconducting and normal states of
different HTS crystals at various frequencies. The follow-
ing section describes the systematization of the Zs(T )
measurements, including the analysis which is used to
extract σs(T ) from the measured values of Zs(T ). Sec-
tion III compares experimental data of Zs(T ) and σs(T )
over the entire temperature range with calculations based
on our modified two-fluid model. In the conclusion we
compare the concepts of our model with results of mi-
croscopic theories. We hope that this will be a helpful
guide for future investigations of microwave properties of
HTS’s from a microscopic point of view.
II. ANALYSIS OF EXPERIMENTAL RESULTS
A. Surface impedance
The surface impedance of HTS’s, in terms of the com-
plex conductivity σs = σ1− iσ2, obeys the local equation
(even at temperatures T ≪ Tc):
Zs = Rs + iXs =
(
iωµ0
σ1 − iσ2
)1/2
. (2)
The impedance components are
Rs =
√
ωµ0(ϕ1/2 − 1)
2σ2ϕ
, (3)
Xs =
√
ωµ0(ϕ1/2 + 1)
2σ2ϕ
, (4)
where ϕ = 1 + (σ1/σ2)
2. It is obviously that Rs < Xs
for T < Tc.
For temperature T < Tc, if σ1 ≪ σ2, Eqs. (3) and (4)
reduce to
Rs ≃ (ωµ0)
1/2σ1
2σ
3/2
2
=
1
2
ω2µ20σ1λ
3,
Xs ≃ (ωµ0/σ2)1/2 = ωµ0λ. (5)
The components of the surface impedance are measur-
able quantities. The real part of the surface impedance,
the surface resistance Rs, is proportional to the loss of
the microwave power. It is caused by the presence of
“normal” carriers. In the centimeter wavelength band,
typical values of the surface resistance in the ab-plane
of HTS single crystals are between 0.1 and 0.3 Ω above
but near the transition temperature Tc. When T is de-
creased through Tc, the surface resistance abruptly drops,
but does not seem to approach zero when T → 0. In
conventional superconductors, like Nb, Rs(T ) decreases
exponentially with decreasing temperature below Tc/2,
approaching a constant residual surface resistance Rres
as T → 0. Rres is due to the presence of various defects
in the surface layer of the superconductor . Therefore,
it is generally accepted that the lower the Rres, the bet-
ter the sample quality. In high-quality HTS’s there is
no plateau in Rs(T ) at T ≪ Tc. However, we shall ex-
trapolate the value of Rs(T ) to T = 0 K and denote
it by Rres. The origin of the residual surface resistance
observed in HTS crystals remains unclear. It is known
that Rres is strongly material and sample dependent and
is approximately proportional to the square of the fre-
quency. At present, very small values of Rres ∼ 20 µΩ
at frequencies ∼ 10 GHz have been observed in YBCO
single crystals9,14.
The imaginary part of the surface impedance, the reac-
tance Xs, is mainly determined by the superconducting
carriers and is due to nondissipative energy stored in the
surface layer of the superconductor.
In Table I77 we summarized the main features of the
temperature dependencies of the surface impedance of
high-quality YBCO, BSCCO, TBCO, and TBCCO sin-
gle crystals whose residual surface resistance in the ab-
plane, Rres, at frequency of ∼ 10 GHz is less than one
milliohm, with Rs(Tc) values of about 0.1 Ω. There is
good reason to believe that the electrodynamic param-
eters of these crystals adequately relate to the intrinsic
microscopic properties of the superconducting state of
HTS.
To illustrate the data of Table I we show in Fig. 1,
as an example, experimental data of Rs(T ) and Xs(T )
in ab-plane of BSCCO single crystal at 9.4 GHz22. In
this figure Rs(T ) = Xs(T ) for T ≥ Tc, which corre-
sponds to the normal skin-effect condition. Knowing
Rs(Tc) =
√
ωµ0ρ(Tc)/2 ≈ 0.12 Ω, we obtain the resis-
tivity ρ(Tc) ≈ 40 µΩ·cm. In the normal state, above
Tc, the temperature dependence of Rs(T ) = Xs(T ) is
adequately described by the expression 2R2s(T )/ωµ0 =
ρ(T ) = ρ0 + bT . For the BSCCO crystal in Fig. 1,
ρ0 ≈ 13 µΩ·cm and b ≈ 0.3 µΩ·cm/K. The insets in
Fig. 1 showRs(T ) and λ(T ) = Xs(T )/ωµ0 for T < 0.7Tc,
plotted on a linear scale. The extrapolation of the low-
2
TABLE I. Surface impedance Zs(T ) = Rs(T ) + iXs(T ) in the ab-plane of high-Tc single crystals at frequencies ∼ 10 GHz
Superconducting state, T < Tc Normal
HTS Low temperatures Intermediate temperatures state
4 K< T ≪ Tc T ∼ Tc/2 T → Tc 1.5 Tc > T ≥ Tc
Orthorhombic ∆Rs(T ) ∝ T,∆Xs(T ) ∝ T Broad peak in Rs(T ) at 25 < T < 45 K [4-14]
structure at T <∼ Tc/4; Peculiarities: 1. Shoulder [9,11] in Rs(T ) Different Normal
YBCO Essentially different slope at T > 40 K; 2. Bump [9] or plateau [8,10] slope of skin-effect
Tc ≈ 92 K of ∆λ(T ) ∝ T [1-14] on the curves of Xs(T ) at 50 < T < 80 K λ(T ) [3-14]
Tetragonal structure
BSCCO Rapid R(T ) = X(T )
Tc ≈ 90 K [19-22] ∆Rs(T ) ∝ T, T <∼ Tc/2 growth of =
TBCO Rs(T )
√
ωµ0ρ(T )/2
Tc ≈ 80 K [23,24] ∆Xs(T ) = ωµ0∆λ(T ) ∝ T, T <∼ Tc/3 and
TBCCO Xs(T ) ∆ρ(T ) ∝ T
Tc ≈ 110 K [10,12]
temperature sections of these curves to T = 0 K yields
estimates of Rres = 0.5 mΩ and λab(0) = 2600 A˚ for this
crystal.
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FIG. 1. Surface resistance Rs(T ) and reactance Xs(T ) in
ab-plane of a BSCCO single crystal at 9.4 GHz. The insets
show linear plots of λ(T ) and Rs(T ) at low temperatures.
The experimental ∆λab(T ) of YBCO, TBCO, and
TBCCO crystals are also linear in the range T < Tc/3.
It is important to notice the different slopes of the
∆λ(T ) ∝ T curves for T ≪ Tc. In particular, in YBCO
crystals, fabricated by different techniques, the slopes of
∆λab(T ) differs by almost one order of magnitude
8,9,13.
The reasons for such a discrepancy are still unclear.
At frequencies of about 10 GHz and below, the lin-
ear dependence ∆Rs(T ) ∝ T in BSCCO (Fig. 1),
TBCCO, and TBCO single crystals may actually ex-
tend to temperatures of ∼ Tc/2. This property, com-
mon for all HTS crystals with the tetragonal structure, is
not characteristic of YBCO. As was noted previously, all
microwave measurements on high-quality YBCO single
crystals show a broad peak in the Rs(T ) curve centered
near 30–40 K up to frequencies of ∼ 10 GHz. The peak
shifts to higher temperatures and diminishes in size as
the frequency is increased. In YBCO crystals of higher
quality the amplitude of the peak increases and Rs(T )
reaches its maximum at a lower temperature14.
The underlying origin of this YBCO feature has re-
mained unclear. The simplest idea is that the absence of
this peak in crystals with tetragonal structure might be
caused by their “poor” quality, as is the case in YBCO
doped with Zn2,4,58. However, this deduction is prob-
ably incorrect because, (i), there is a sufficiently large
set of experimental data indicating that Rs(T ) is a lin-
ear function of T for BSCCO, TBCO, and TBCCO,
and (ii), the peak in Rs(T ) was also detected in such
YBCO crystals7,10,60 with parameters Rres and ρ(Tc)
which would characterize the quality of these crystal as
“poor” compared to those of, for example, TBCCO10 or
BSCCO21. Results of the latter crystals are shown in
Fig. 2. The more probable cause of the peak, however, is
the presence of an additional component in the YBCO
orthorhombic structure, namely CuO chains, which lead
to a mixed (d + s) symmetry of the order parameter
in YBCO. The electrons of the chains form an addi-
tional band, contributing to the observed T –dependence
of Zs(T ). This contribution seems to result in another
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FIG. 2. Comparison of the temperature dependencies of
surface resistance Rs(T ) of BSCCO and YBCO single crys-
tals at 14.4 GHz. Experimental data are taken from Refs.21
(BSCCO at 14.4 GHz) and8 (YBCO at 9.4 GHz, scaled by ω2
to 14.4 GHz). The inset shows the linear T–dependencies of
Rs at low T for both materials, and a broad peak of Rs(T )
for YBCO.
distinctive feature of YBCO, namely a plateau or bump
(see Table I) on the λab(T ) curve, which has been ob-
served in high-quality YBCO single crystals8–12 and
films16,41. However, recent measurements of ∆λab(T ) of
YBCO crystals,14 grown in a high purity BaZrO3 cru-
cible, show no such features in the intermediate tem-
perature range. The authors of Ref.14 argue that the
disagreement with the results of Ref.9 arises from some
problem connected with the surface of the crystal. The
latter observation still lack a convincing explanation.
Finally, another feature in the T –dependence of the
impedance of high-quality YBCO crystals was detected:
a noticeable increase of Rs(T ) with increasing temper-
ature (shoulder) at temperatures larger than the peak
temperature at 30 K. It turns out that this shoulder was
reproducible in the experiments9,11. Similarly, an expla-
nation of this observation is lacking.
B. Complex conductivity
Equations (2–4) allows us to express the real and imag-
inary parts of the complex conductivity σs = σ1 − iσ2 in
terms of Rs and Xs:
σ1 =
2ωµ0RsXs
(R2s +X
2
s )
2
, σ2 =
ωµ0(X
2
s −R2s)
(R2s +X
2
s )
2
. (6)
Above the superconducting transition temperature,
the mean free path ℓ of current carriers is shorter than the
skin depth δn in the normal state (for T ≥ Tc, ℓ≪ δn),
which corresponds to the conditions of the normal skin
effect. Equations (2–4), (6) also apply to the normal state
of HTS’s, where Rn(T ) = Xn(T ) =
√
ωµ0/2σn(T ) with
σn ≡ σ1(T ≥ Tc) and σ2 ≪ σ1 at microwave frequencies.
The components σ1(T ) and σ2(T ) are not measured
directly but derived from measurements of Rs(T ) and
Xs(T ) using Eq. (6).
Low temperatures region (T ≪ Tc)
When Rs(T )≪ Xs(T ), then Eq. (6) reduces to:
σ1(T ) =
2ωµ0Rs(T )
X3s (T )
, σ2(T ) =
ωµ0
X2s (T )
. (7)
It then follows from Eq. (7), for low and intermediate
temperatures that σ1/σ2 = 2Rs/Xs ≪ 1. The incre-
ments of ∆σ1(T ) and ∆σ2(T ) depend on the increments
of ∆Rs(T ) and ∆Xs(T ) relative to each other:
∆σ1 ∝
(
∆Rs
Rs
− 3∆Xs
Xs
)
, ∆σ2 ∝ −∆Xs
Xs
. (8)
It follows from Eq. (8) that the dominant changes of
σ2(T ) are determined mainly by the function Xs(T ) =
ωµ0λ(T ), reflecting the T –dependence of the magnetic
field penetration depth.
The T –dependence of the real part of the conductiv-
ity, σ1(T ), is determined by the competition between the
increments ∆Rs/Rs and ∆Xs/Xs.
In conventional superconductors the quantity Xs(T )
(≫ Rs) is practically T –independent (∆Xs ≈ 0) at
temperatures T ≤ Tc/2, and Rs(T ) decreases exponen-
tially, approaching the residual surface resistance Rres as
T → 0. By subtracting Rres from the measured Rs(T ),
we obtain, using Eqs. (7) and (8), the temperature depen-
dence of σ1(T ) predicted by the BCS theory: σ1 = 0 at
T = 0, AND for T ≤ Tc/2, σ1(T ) shows an exponentially
slow growth with increasing temperature. Note that the
smallest value of Rres detected in pure Nb is, at least,
two order of magnitude smaller than the smallest value
of Rres measured in YBCO. The extremely small values
of the surface resistance in Eq. (8) indicate that the in-
crement ∆σ1(T ), in classical superconductors is always
positive (∆σ1(T ) > 0), at least in the temperature inter-
val T < 0.8Tc, before the maximum of BCS coherence
peak is reached.
For HTS single crystals the T –dependence of σ1(T )
is radically different from that predicted by theories of
the microwave response of conventional superconduc-
tors. In the T –range T < Tc the increments of ∆Rs(T )
and ∆Xs(T ) in HTS’s are not small, and, in addi-
tion, ∆Xs(T ) ≫ ∆Rs(T ). Although Rs(T ) < Xs(T ),
∆Rs/Rs is not necessarily greater than 3∆Xs/Xs in
Eq. (8) or positive at all temperatures. When that oc-
curs, σ1(T ) increases with decreasing temperature. The
function σ1(T ) is maximum at some T = Tmax, and
then σ1(T ) becomes smaller with decreasing tempera-
ture. σ1(T ) has a peak if the value of Rres is sufficiently
small when for T → 0:
4
Rres <
Xs(0)
3
∆Rs(T )
∆Xs(T )
. (9)
If inequality (9) is satisfied, Tmax occurs at a finite
temperature, while for Rres being equal to the right hand
side of (9), Tmax shifts to 0 K. If Rres is such that (9) is
not satisfied, σ1(T ) decreases at low temperatures as the
temperature is increased, which is quite different from
what is observed with conventional superconductors.
Thus, the shape of the σ1(T ) for T ≪ Tc depends on
the value of the residual surface resistance Rres, whose
origin and accurate value are unknown. For this reason,
the shapes of σ1(T ) curves are not determined unam-
biguously for T ≤ Tc/2, unlike the functions Rs(T ) and
Xs(T ), which are directly measured in experiments.
If we linearly extrapolate Rs(T ) to T = 0 and at-
tribute the resulting Rs(0) to the residual surface resis-
tance, Rs(0) = Rres, and then substitute the tempera-
ture dependent difference Rs(T ) − Rres into the numer-
ator of the first expression of Eq. (7), the result is that
the σ1(T ) curve has a broad peak for HTS materials.
Near T = 0, σ1(T ) increases linearly with T from zero,
reaches a maximum at Tmax, and then decreases to σ(Tc).
This procedure, however, ignores the possibility of intrin-
sic residual losses. Therefore, some authors (see, e.g.,
Refs.14,21,59) associate residual losses in HTS single crys-
tals with a residual normal electron fluid. This implies
that the source of the residual loss is in the bulk of the
sample, although it is probably not intrinsic. If this con-
tribution is excluded from the complex conductivity of
the superconductor, one obtains σ1(T = 0) → 0, as can
be seen in Fig. 3 from the measurements taken at 13.4,
22.7, and 75.3 GHz by the authors of Ref.14. The peak
of σ1(T ) shifts to higher temperatures and diminishes in
size as the experimental frequency is increased. In YBCO
single crystals the temperature Tmax at which the max-
imum of σ1 occurs is close to the temperature at which
the peak of Rs(T ) occurs.
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FIG. 3. Real part of the conductivity σ1(T ) of YBCO sin-
gle crystal at different frequencies14. The data were obtained
courtesy of the Vancouver group (D. A. Bonn).
Finally, one may procure σ1(T ) from measurements of
Rs(T ) and Xs(T ) for T > 0 without any concern about
Rres. In this case, σ1(0) is not determined uniquely.
Whether σ1(T ) has a peak or not depends on the validity
of condition (9). The curves at 1 and 2 GHz in Fig. 3
have been obtained using Eq. (6) without subtracting any
residual losses.
Temperatures close to Tc (T → Tc)
Equations (7) and (8) do not apply near Tc. In this
temperature range it is necessary to use the general local
relationships (2–4), (6).
The conductivity σ2(T ) in the ab-plane of HTS crystals
abruptly drops to very small values in the normal state.
The expression (Tc/σ2(0))dσ2(T )/dT at T = Tc, defining
the slope of λ2(0)/λ2(T ) at T = Tc, varies between −2
and −4 for different crystals.
The real part of the conductivity, σ1(T ), does not
show a coherence peak near T = 0.85Tc, as predicted by
BCS. Usually, the real part of the conductivity, σ1(T ),
of HTS single crystals has a narrow peak near Tc which
increases with decreasing frequency21,23,24. The width of
the narrow peak of σ1(T ) coincides with the width of the
Rs(T ) transition at microwave frequencies. A possible
explanation of the sharp peak just below Tc is inhomoge-
neous broadening of the superconducting transition78–80
or fluctuation effects24,81,82.
III. MODIFIED TWO-FLUID MODEL
As was shown in Ref.65, high Tc–values (Tc ∼ 100 K),
the temperature dependence of the resistivity, the fre-
quency dependence of the momentum relaxation time,
and other properties of the normal state in optimally
doped HTS’s are well described within the framework
of the Fermi-liquid approach, including strong electron-
phonon coupling (SC)63. The SC model also explains
some of the features of the superconducting state of
HTS’s. It follows from the Eliashberg theory that the
distinctive component of superconductors with strong
coupling is that the gap in the spectrum of electronic
excitations is smeared. Strictly speaking, there is no
gap, whatsoever, at T 6= 083,84. This leads to break-
ing of Cooper pairs, smearing of the peak in the density
of states at h¯ω = ∆(T ) due to inelastic scattering of elec-
trons by thermally excited phonons, and suppression of
coherence effects. As a result, the amplitude of the coher-
ence peak decreases and, according to Refs.85,86, virtually
disappears at frequencies around 10 GHz if the electron-
phonon coupling constant exceeds unity. Moreover, the
mechanism of quasiparticle generation is radically differ-
ent from that of the BCS model. The quasiparticles are
generated without jumps across the energy gap and can
be in states with all energies down to h¯ω = 0. These
states can be classified as gapless, and the quasiparti-
cles can be treated65 as normal current carriers in the
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two-fluid model. So it is not surprising that an impor-
tant consequence of the SC model is the nonexponential
behavior of Rs(T )
87 and λ(T )88. Power-law temperature
dependencies were also predicted by the two-fluid Gorter-
Casimir (GC) model76, and near Tc they proved to be
quite close to calculations performed by the SC model.
In particular, the curves of λ2(0)/λ2(T ), calculated by
the SC model,89–92 proved to be fairly close to the func-
tion ns(t)/n = 1 − nn(t)/n = 1 − t4 in the GC model.
The slopes of these curves at T = Tc are in agreement
with those measured with different YBCO single crystals
and are equal to4 −3 or5,8,10 −4. The experimental fact
that there is no BCS coherence peak in the conductivity
of HTS crystals, indicates the necessity of taking into ac-
count strong coupling effects near Tc and the feasibility
of interpreting HTS properties at microwave frequencies
in terms of a two-fluid model.
The complex conductivity σs is a basic property of
superconductors. In accordance with GC model76 the
expressions for the components of σs = σ1 − iσ2 are:
σ1 =
nne
2τ
m
[
1
1 + (ωτ)2
]
,
σ2 =
nse
2
mω
[
1 +
nn
ns
(ωτ)2
1 + (ωτ)2
]
. (10)
At temperatures T ≤ Tc the total carrier concentra-
tion is n = ns + nn, where ns,n are the fractions of su-
perconducting and normal carrier densities (both have
the same charge e and effective mass m). The real part
of conductivity σ1 is determined purely by the normal
component, while both components, normal and super-
conducting, contribute to the imaginary part σ2. The
relaxation time τ of normal carriers in the GC model
is independent of temperature. This is acceptable if we
assume that the behavior of normal carriers in supercon-
ductors is similar to that of normal carriers in normal
metals at low temperatures. Scattering of electrons at
very low temperatures is due to impurities and indepen-
dent of the temperature. Therefore, the temperature de-
pendence of the real part of the conductivity (10) in the
GC model is determined entirely by the function nn(T )
with ns(T ) = n− nn(T ) only.
For sufficiently low frequencies (ωτ)2 ≪ 1 the expres-
sions of the conductivity components of Eq. (10) trans-
form into simple relations
σ1 =
e2τ
m
nn, σ2 =
e2
mω
ns =
1
µ0ωλ2
, (11)
where λ =
√
m/µ0nse2 is the London penetration depth
of a static magnetic field.
Penetration of alternating fields into superconductors
is controlled by the frequency-dependent skin depth.
Based on results of the complex conductivity (11), one
obtains the complex skin depth δs by generalizing the
corresponding expression for a normal conductor:
δs =
√
2λ√
ωτ(nn/ns)− i
. (12)
With increasing angular frequency ω the skin depth
Re(δs) decreases and, therefore, the London penetration
depth λ gives the upper bound for the penetration of
the electromagnetic field into a superconductor. In GC
model the λ value diverges near Tc as λ(t) = λ/[2
√
1− t]
and the function σ2(t)/σ2(0) = 4(1− t) tends linearly to
zero at T = Tc with a slope equal to -4. At the same time,
at T = Tc the skin depth Re(δs), defined by Eq. (12),
crosses over to the skin depth δn for a normal conductor.
A. Scattering and surface resistance of HTS single
crystals
In conventional superconductivity one assumes that
below Tc the mean free path does not vary with tem-
perature. In a normal metal, at much higher tempera-
tures than the corresponding Tc of a conventional super-
conductor, the electron scattering rate is proportional to
T 93. Since the transition temperatures of HTS’s are
much larger than those of conventional superconductors,
it stands to reason that temperature will affect the elec-
tron scattering rate of the quasiparticles of HTS’s below
Tc, but be limited to a constant rate at low temperatures.
Therefore, if a two-fluid model is to be successful in ex-
plaining transport properties of HTS’s, then it is natural
to include a temperature variation of τ into that model.
To obtain an expression for τ(T ), we rely on the anal-
ogy between the ‘normal fluid’ component in the super-
conducting state and charge carriers in a normal metal.
According to Mathissen’s rule, the reciprocal relaxation
time at temperatures below the Debye temperature Θ is
1
τ
=
1
τimp
+
1
τe−ph
. (13)
The first term on the right is due to impurity scatter-
ing and is a constant of temperature, and the second is
due to electron-phonon scattering and is proportional to
T 5.
From Eq. (13) we express τ(T ) as
1
τ(t)
=
1
τ(Tc)
β + t5
β + 1
, (14)
where β is a numerical parameter: β ≈ τ(Tc)/τ(0), pro-
vided this ratio is much less than unity. It should be
pointed out, however, that this approximation is not al-
ways satisfied.
Equation (14) corresponds to the low-temperature
limit of the Bloch-Gru¨neisen formula, which includes im-
purity scattering and can be presented over a wide tem-
perature range by the expression
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1τ(t)
=
1
τ(Tc)
β + t5J5(κ/t)/J5(κ)
β + 1
J5(κ/t) =
κ/t∫
0
z5ezdz
(ez − 1)2 , (15)
where κ = Θ/Tc. For T < Θ/10 (κ > 10t), Eq. (15)
approaches the form of Eq. (14). For T > Θ/5 (κ < 5t),
we obtain from Eq. (15) the linear T –dependence of
1/τ(t) ∝ t. Examples of 1/τ(t) for different parameters
of β, κ, and τ(Tc) are shown in Fig. 4.
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FIG. 4. Scattering rate of quasi-particles, calculated from
Eq. (14), dotted line: β = 0.005, and Eq. (15), solid line:
β = 0.005, κ = 9; dashed line: β = 0.02, κ = 4. The triangles
are calculated from 1/τ = [1− λ2(0)/λ2(T )]/[µoσ1(T )λ
2(0)],
with σ1(T ) and λ(T ) at 1.14 GHz and λ(0) = 1600 A˚ in
the ab-plane, with currents parallel to the a-direction of the
YBCO crystal14. The inset shows the low temperature parts
of the curves. The circles are from Fig. 8 of Ref.14.
For ωτ(Tc) ≪ 1, which is normally satisfied at mi-
crowave frequencies, the parameter ωτ(Tc) is obtained
from measurements of Rs(Tc) and Xs(0):
ωτ(Tc) =
X2s (0)
2R2s(Tc)
=
σ1(Tc)
σ2(0)
. (16)
At frequencies ∼ 10 GHz, the value ωτ of the best HTS
crystals is of the order of 10−3 at T = Tc and remains
less than unity at all temperatures T < Tc, as will be
discussed below. Therefore, the expressions of the con-
ductivity components in Eq. (10) in the two-fluid model
turn into the simple form (11).
All experimental data of Rs(T ) of high-quality HTS
single crystals can be elucidated by our two-fluid model
with τ(T ) given by Eqs. (14) or (15).
Measurements of Rs(T ) of YBCO single crystals at
frequencies of order or less than 10 GHz are analyzed
first. Values of σ2(T )/σ2(0) = λ
2(0)/λ2(T ) = ns(T )/n,
measured in the same experiments, and σ1(T )/σ(Tc) ob-
tained from Eq. (11) are substituted into the Eq. (3).
Use is made of the relation nn(T )/n = 1− σ2(T )/σ2(0),
which is obtained from the experimental data, and τ(T ),
employing Eqs. (14) or (15).
Setting β = 0.005 and κ = 9 in Eq. (15) and taking
the experimental values σ2(T )/σ2(0) from Fig. 11 (see be-
low) and ωτ(Tc) = 7.5× 10−4 at 1.14 GHz we find from
Eqs. (11) and (3) the T –dependencies of Rs(T ), shown
by the curves in Fig. 5. These curves match the data
of Ref.14 over the entire temperature range. The same
result is obtained using Eq. (14) instead of Eq. (15), with
β = 0.005. For at κ≫ 1 and T <∼ Tc, Eqs. (14) and (15)
are identical.
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FIG. 5. Experimental Rs(T ) data of YBCO single crystal
14
at 1.14 GHz (circles) and 2.25 GHz (squares). Solid curves
are calculations using Eqs. (3), (11) and (14). The dashed
curves are calculated at 1.14 GHz with the term t5 replaced
by t4 in the numerator of Eq. (14), the dotted curves with t6.
The inset shows a linear plot of Rs(T ) at low temperatures
at 1.14 GHz.
From Eqs. (5) and (11) it follows that for α t ≪ 1
[see Eq. (1)] a rough estimate of the temperature tm at
which Rs(T ) is maximum is obtained from the relation
β ≃ 4 t5m. The value of τ(0) is found from the slopes
dRs/dT and dλ/dT of the experimental data of Rs(T )
and λ(T ) as T → 0 [ωτ(0) < 1]:
ωτ(0) =
1
µ0 ω
dRs
dλ
. (17)
With Eq. (16) and (17) the parameter β ≈ τ(Tc)/τ(0)
is determined from the surface impedance data. As β
increases the maximum and minimum of Rs(T ) change
into an inflection point with a horizontal tangent and
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for larger β values the maximum of Rs(T ) disappears
completely74.
The linear T –increase of Rs(T ) at low temperatures
(inset in Fig. 5) is a direct consequence of the linear
change of λ(T ) near T = 0, proportional to the coeffi-
cient α in Eq. (1), and due to a constant scattering rate
at low temperatures, as shown in Fig. 4.
The dashed and dotted curves in Fig. 5, are calcu-
lated Rs(T ) values at 1.14 GHz, with t
5 replaced by t4
(dashed curve) and by t6 (dotted curve) in Eq. (14). The
best fit of the experimental data is 1/τ(t) ∝ t5. More-
over, Eq. (15) enables us to incorporate the shoulder of
Rs(T ) obtained with YBCO single crystals in Refs.
9,11.
This is shown in Fig. 6, which contains measurements
(squares) of Rs(T ) at 10 GHz taken from Ref.
9, and cal-
culations (solid line) of Rs(T ) using Eqs. (11) and (3)
with ωτ(Tc) = 4 × 10−3, σ2(T )/σ2(0) obtained from
the same experimental data9, β = 0.02 and κ = 4 in
Eq. (15)8.
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FIG. 6. Comparison between calculated (solid line) and
measured (squares) surface resistance Rs(T ) of YBCO single
crystal at 10 GHz. Experimental data are from Ref.9.
The calculated curves in Figs. 5 and 6 are very close
to the experimental data and display the common and
unique features of Rs(T ) for T < Tc and ωτ < 1 of
high-quality YBCO single crystals fabricated by differ-
ent methods, namely: (i) the linear temperature depen-
dence of surface resistance, ∆Rs(T ) ∝ T , caused by the
linear variation of ∆Xs(T ) ∝ ∆λab(T ) ∝ T at temper-
atures T ≪ Tc, and by τ(T ) → const at low tempera-
tures; (ii) the broad peak of Rs(T ) in the intermediate
temperature range due to the rapid decrease of the relax-
ation time τ(T ) ∝ T−5, with increasing temperature; and
(iii) the increase in Rs(T ) in the range Tc/2 < T < Tc
(Fig. 6) caused by the crossover from T−5 to T−1 of τ(T )
in Eq. (15), which occurs in Fig. 6 at a lower tempera-
ture than in Fig. 5. The behavior of 1/τ(T ) for these two
YBCO crystals is shown in Fig. 4.
Up to this point, our analysis has not taken into ac-
count the residual surface resistance Rres of the samples.
In the YBCO crystals whose data are plotted in Figs. 5
and 6, scaled to the same frequency of 10 GHz, the resis-
tance Rres < 50 µΩ. Rres/R(Tc) < 10
−3 is so small that
Rres was neglected even at T ≪ Tc. In most HTS crystals
which were investigated, however, Rres/R(Tc) > 10
−3
(see, e.g., Figs. 1 and 2). Therefore, it is important that
Rres is added to the calculated Rs(T ) values when com-
paring the latter with the experimental data.
Figure 7 compares the measured Rs(T ) and Xs(T ) of
BSCCO, plotted in Fig. 1, with calculations obtained
from Eqs. (3) and (4). In this case, we have added to
the calculated values of Rs(T ) a constant Rres = 0.5 mΩ.
The calculation is based on measurements of σ2(T )/σ2(0)
obtained in the same experiment and plotted in the in-
set to Fig. 13 (see below), with parameter ωτ(Tc) =
0.9 × 10−2, β = 2 and κ = 3 in Eq. (15). It is clear
that the agreement between the calculated and experi-
mental curves is good throughout the temperature inter-
val 5 ≤ T ≤ 120 K.
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FIG. 7. Comparison between calculated (solid lines) and
measured surface impedance (symbols) of BSCCO single crys-
tal (see Fig. 1). A constant Rres = 0.5 mΩ is added to the
values of Rs(T ), obtained from Eq. (3).
Another reason for including Rres is that the ratio
Rres/R(Tc) ∝ ω3/2. Fig. 8 is based on the experimental
data of BSCCO single crystal measured in Ref.21 at three
frequencies: 14.4 GHz (ωτ(Tc) = 0.7× 10−2), 24.6 GHz,
and 34.7 GHz. The solid curves are calculations at these
frequencies obtained from Eqs. (11) and (3) using τ(T )
from Eq. (15) with β = 0.1 and κ = 4. The compari-
son procedure is different from that discussed above for
YBCO crystals since Rres ∝ ω2 is added to the calcu-
lated Rs(T ) values. The inset of Fig. 8 shows a linear
plot of the measured and calculated surface resistance at
low temperatures. We emphasize that at temperatures
below Tc/2 the value of ∆Rs(T ) changes proportional to
T .
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FIG. 8. Experimental data of BSCCO single crystal21 at
various frequencies: 14.4 GHz, 24.6 GHz, and 34.7 GHz. The
solid curves are the calculated [Rs(T )+Rres]–functions, with
Rres values of 0.29, 0.85 and 1.7 mΩ, respectively. The in-
set shows the linear temperature dependencies of the surface
resistance at low temperatures.
In the millimeter and shorter wavelength bands, the
condition ωτ < 1 may not be satisfied in the supercon-
ducting state of the purest HTS single crystals due to
the fast growth of τ(T ) with decreasing T < Tc. There-
fore, it is natural not only to take Rres into account in
analyzing the experimental data of Zs(T ) and σs(T ) but
also the more general Eq. (10) of the two-fluid model
should replace Eq. (11). The Rs(T ) data of Ref.
14 at
frequencies of 13.4, 22.7, and 75.3 GHz, are shown in
Fig. 9 with the calculated Rs(T ) values (obtained on
the same YBCO crystal as was used in Fig. 5). We
used τ(Tc)/τ(0) ≈ β = 5×10−3 in Eq. (14) for all curves
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FIG. 9. Comparison between calculated (lines) and
measured14 (symbols) surface resistance Rs(T ) of YBCO sin-
gle crystal at 13.4, 22.7 and 75.3 GHz. We assumed Rres = 0.3
mΩ for 75.3 GHz, zero for the other frequencies.
shown in Fig. 9 (same as previously used in Fig. 5), and
added Rres = 0.3 mΩ to Rs(T ) [Eq. (3)] at 75.3 GHz only.
The conductivity components σ1(T ) and σ2(T ) which are
contained in Eq. (3) are obtained from the experimental
data of σ2(T )/σ2(0) at 1.14 GHz,
14 (shown in Fig. 11),
and from Eq. (10).
Figure 10 shows another example. The experimen-
tal Rs(T ) data (squares) of TBCO single crystal (Tc =
78.5 K)23 are compared with calculations based on
Eqs. (3), (10), and (15). The curve representing the
theoretical Rs(T ) + Rres was plotted using β = 0.1,
κ = 5.5, ωτ(Tc) = 1.7 × 10−2, Rres = 0.8 mΩ, and with
σ2(T )/σ2(0), shown in the inset (circles) of Fig. 10.
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FIG. 10. Surface resistance Rs(T ) of a TBCO single crystal
at 24.8 GHz taken from Ref.23 Solid curve is the calculated
[Rs(T )+Rres]–function with Rres = 0.8 mΩ. The inset shows
measured23 (circles) and calculated results of σ2(T )/σ2(0)
(solid line), using Eq. (18) with α = 0.9.
B. Temperature dependence of the superconducting
electron density
Our phenomenological model would be incomplete if
simple formulas were not available that describe correctly
the measurements of ∆λab(T ). Figures 10 (inset), 11 and
12 show σ2(T )/σ2(0) = λ
2(0)/λ2(T ) = ns(T )/n in the
ab-plane of TBCO, YBCO, and BSCCO single crystals
from Refs.23,14 and21, respectively. All of these quantities
change linearly with temperature at low-temperatures
and can be approximated by the function73
ns/n = (1− t)α, (18)
where α is a numerical parameter. For t ≪ 1, Eq. (1)
follows from Eq. (18). For the cited experiments, the
values of α fall into the range 0.4 < α ≤ 0.9. Near Tc
we obtain λ(t) ∝ ns(t)−1/2 ∝ (1 − t)−α/2, which is also
9
in fairly good agreement with experimental data. How-
ever, equation (18) yields an infinite value of derivative
dσ2(t)/dt ∝ (1− t)α−1 at t = 1 for α < 1.
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FIG. 11. Plots of Eq. (18) (dashed line, α = 0.42) and
Eq. (19) (solid line, α = 0.47), showing the fit to the empir-
ical σ2(T )/σ2(0). The experimental data (circles) are from
Ref.14 at 1.14 GHz. The inset shows the temperature depen-
dencies of σ2(T )/σ2(0) at various frequencies, calculated from
Eqs. (10), (19) and (14) .
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FIG. 12. Comparison between calculated (solid curve:
Eq. (19), α = 0.74; and, dotted line: Eq. (18), α = 0.7)
and measured21 (symbols) of σ2(T )/σ2(0) values of BSCCO
single crystal75.
An approximation for ns(t)/n close to Eq. (18) was
proposed in Ref.75:
ns/n = 1− αt− (1− α) t6 (19)
and is shown by solid lines in Figs. 11 and 12. Equa-
tion (19) insures that the slope at Tc of λ
2(0)/λ2(t)|Tc =
(5α− 6) is finite and negative for α < 1.2.
The above functions for ns(t), however, in their sim-
plest forms (18) and (19), cannot account for all fea-
tures in λ2(0)/λ2(T ) detected recently in YBCO crystals
(see Table I) in the intermediate temperature range8–11.
Moreover, the slope of these curves at T ≪ Tc requires
that α > 1 in Eq. (18), which would lead to zero slope
of the σ2(T )/σ2(0) curve at T = Tc. Therefore we have
added an additional empirical term to the right-hand side
of Eq. (18) without violating the condition of particle
conservation, ns + nn = n,
ns/n = (1− t)α(1− δ) + δ(1− t4/δ), (20)
where 0 < δ < 1 is the weight factor8. For δ ≪ 1 and
α > 1 the dominant contribution to σ2(T ) throughout
the relevant temperature range is still due to the first
term on the right of Eq. (20), while the second is respon-
sible for the finite slope of σ2(T )/σ2(0) at T = Tc, equal
to −4, in accordance with the GC model. As δ increases,
the second term on the right side of Eq. (20) becomes
more essential. The experimental curve of σ2(T )/σ2(0),
derived from Rs(T ) and Xs(T ) measurements of YBCO
crystal in Ref.8, is properly described by Eq. (20) with
δ = 0.5 and α = 5.5 (Fig. 13). This calculation re-
flects the characteristic features of the experimental data,
namely, the linear section of ns and the positive second
derivative (α > 1) in the low-temperature region, the
plateau in the intermediate temperature range, and the
correct value of the slope near Tc.
Using Eq. (20) with α = 2 and δ = 0.2, one can also
describe the T –dependence of σ2(T ) of BSCCO crystals
(Figs. 1 and 7), plotted in the inset to Fig. 13.
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FIG. 13. Comparison between calculated (solid line) and
measured (circles) values of σ2(T )/σ2(0) of YBCO single
crystal8. The inset shows the measured and calculated val-
ues, using Eq. (20) for the temperature dependencies of
σ2(T )/σ2(0) of the BSCCO crystal, shown in Fig. 1.
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C. Real part of conductivity
Since the measurements and calculations of Rs(T ),
Xs(T ), and σ2(T ) are in good agreement and consistent
with σ1(T ) in the range T < Tc, it is proposed that the
modified two-fluid model is a powerful tool for describing
the electrodynamic properties of HTS’s. The only feature
that has not been investigated by this model is the be-
havior of Zs(T ) and σs(T ) in the temperature range near
Tc. A spectacular display is the narrow peak in the real
part of the conductivity (see Fig. 3).
σ1(T ) of YBCO crystals, obtained from measurements
at 1.14 GHz14, is plotted (circles) in Figs. 3 and 14.
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FIG. 14. Comparison of the experimental T–dependence
of σ1(T ) (open circles in Fig. 3) of YBCO single crystal
at 1.14 GHz (Ref.14) with that calculated using the modi-
fied two-fluid model (solid line), taking into account the in-
homogeneous broadening of the superconducting transition
(δTc = 0.4 K in Eq. (21)).
The narrow peak near Tc can be described by an ef-
fective medium model80,94 which takes into account inho-
mogeneous broadening of the superconducting transition.
Assume that different regions of a given specimen experi-
ence transitions to the superconducting state at different
temperatures within the T –range δTc. If the dimension
of each of these regions is smaller than the magnetic field
penetration depth (microscopic-scale disorder), the dis-
tribution of the microwave currents over the sample is
uniform, and the calculation of the effective impedance
Zeff of the sample reduces to two operations: first, the
impedances Zs of all regions in the specimen (with dif-
ferent Tc) that are connected in series along a current
path are added, and, second, averaging over the sample
volume is performed. As a result, we obtain
Zeffs (T ) = R
eff
s (T ) + iX
eff
s (T ) =
∫
δTc
Zs(T, Tc)f(Tc)dTc ,
(21)
where the distribution function f(Tc) is such that the
fraction of the sample volume with critical temperatures
in the range Tc < T < Tc + dTc equals f(Tc)dTc. In the
simplest case f(Tc) is a Gaussian function. In the exper-
iments of Ref.14, the width of the superconducting resis-
tive transition was approximately 0.4 K, which we equate
to the width of the Gaussian distribution f(Tc). Using
the general relations (6), with the effective impedance
components obtained from Eq. (21), σeff1 (T ) is calculated
near Tc and is plotted with the experimental data in
Fig. 14 for YBCO14. The overall agreement is good.
In the framework of the discussed approach, σeff1 (T )
displays a narrow peak at T ∗ = Tc − δTc. It is easy to
check that the relative peak amplitude is approximately
equal to
σ1(T
∗)− σ(Tc)
σ(Tc)
≈
{
γ, if γ > 1
γ2, if γ < 0.1
, (22)
where γ = δTc/[Tc ωτ(Tc)], implying, the narrower the
superconducting resistive transition, the smaller the peak
amplitude. Usually, experiments yield γ > 1 (e.g., the
data of Ref.14 gives γ ≃ 7 at 1.14 GHz) and, therefore,
the peak amplitude should be inversely proportional to
frequency.
We applied the above procedure to other specimens
to incorporate corrections into the calculations of the
σ1(T ) curves, caused by inhomogeneous broadening of
the superconducting transition. We adjusted the previ-
ous calculations of Rs(T ) (Figs. 7, 8, and 10) and σ2(T )
(Figs. 10, 12, and inset to Fig. 13) by substituting the
resulting Zeffs (T ) into the general equation (6) for the
conductivity σ1. The resulting curves for BSCCO and
TBCO are shown in Figs. 15–17.
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FIG. 15. Experimental data of σ1(T ) at 14.4 and 34.7 GHz
of BSCCO single crystal21 and calculations of σ1(T ) using
Eqs. (14), (3), (21) and (10), taking into account sample in-
homogeneities (δTc = 2 K).
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FIG. 16. Comparison of the T–dependence of the ex-
perimental σ1(T ) (open circles) of TBCO single crystal at
24.8 GHz (Ref.23) with that calculated using the modified
two-fluid model (solid line), taking into account the in-
homogeneous broadening of the superconducting transition
(δTc = 2.5 K in Eq. (21)).
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FIG. 17. Conductivity σ1(T ) of BSCCO single crystal at
9.4 GHz, extracted from the surface impedance measurements
of Fig. 1, and calculation based on the modified two-fluid
model, which takes into account the inhomogeneous broaden-
ing of the superconducting transition (δTc = 4.5 K). σ1(T )
does not have a broad peak at low temperatures in this par-
ticular case.
IV. CONCLUSION
We have presented a summary of measurements of the
surface impedance Zs(T ) = Rs(T ) + iXs(T ) of high-
quality YBCO, BSCCO, TBCO and TBCCO crystals
in the superconducting and normal states (Table I). For
frequencies <∼ 10 GHz the common features of all these
materials are the linear temperature dependence of sur-
face resistance, ∆Rs(T ) ∝ T , of the surface reactance,
∆Xs(T ) ∝ ∆λab(T ) ∝ T , at temperatures T ≪ Tc,
their rapid growth as T → Tc, and their behavior in the
normal state corresponding to a linear T –dependence of
∆ρab(T ), with Rs(T ) = Xs(T ) =
√
ωµ0ρ(T )/2. There
are differences between the T –dependence of Zs(T ) of
BSCCO, TBCCO or TBCO single crystals, with tetrag-
onal lattices, compared to YBCO crystals, with an or-
thorhombic lattice. The linear resistivity region of the
tetragonal materials extends to near Tc/2, while for
YBCO the linear region terminates near or below T <
Tc/3. At higher temperature, Rs(T ) of YBCO has a
broad peak. In addition, the λab(T ) curves of some
YBCO single crystals have unusual features in the in-
termediate temperature range.
We describe all of the above features of Zs(T ) and
σs(T ) = σ1(T ) − iσ2(T ) = iωµo/Z2s (T ) of high-quality
HTS crystals by generalizing the well-known GC two-
fluid model:
(i) we introduce a temperature dependence of the relax-
ation time of the quasiparticles in accordance with the
Bloch-Gru¨neisen law. We find that the Rs(T ) curves in
different HTS crystals are well described using Eqs. (14)
or (15) for 1/τ(T ). In the latter equation there is only one
fitting parameter, κ = Θ/Tc, while the other parameter
β = τ(Tc)/τ(0) ≪ 1 can be estimated directly from the
experimental data with the help of Eqs. (16) and (17).
The absence of the broad peak of Rs(T ) in tetragonal
HTS single crystals is due to a less rapid increase of τ(T )
with decreasing temperature. In other words, the value of
β is smaller for YBCO crystals than for BSCCO, TBCO
or TBCCO. For the latter crystals the residual losses Rres
are usually large and they have to be taken into account.
(ii) we replace the well-known temperature dependence of
the density of superconducting carriers in the GC model,
ns = n(1− t4), by one of the functions proposed by Eqs.
(18), (19) or (20). All of these functions change linearly
with temperature at t ≪ 1 (see Eq. (1)). This permits
one to extract the common and distinctive features of
Xs(T ) and σ2(T ) from different HTS crystals.
It also follows from the equations of the modified two-
fluid model, that at low temperatures, t ≪ 1, and low
frequencies (ωτ(0) < 1), all curves of Zs(T ) and σs(T )
have linear regions: σ1 ∝ αt/β, since nn/n ≈ αt and
τ ≈ τ(0) ≈ τ(Tc)/β. Furthermore, ∆σ2 ∝ −αt. Then, in
accordance with Eq. (5), Rs ∝ αt/β and ∆Xs ∝ ∆λ ∝
αt/2. As the temperature increases, the curve of σ1(t)
passes through a maximum at t <∼ 0.5 if the unequal-
ity (9) is valid. This peak is due to superposition of
two competing effects, namely, the decrease in the num-
ber of normal carriers as the temperature decreases, for
t < 1, and the increase in the relaxation time, which
saturates at t ∼ β1/5, at which point the impurity scat-
tering starts to dominate. The features in the Xs(T )
and σ2(T ) curves for YBCO single crystals in the inter-
mediate temperature range (plateau8 or bump9) can also
be described within the framework of our modified two-
fluid model, if we take into account the modification of
ns(t), described by Eq. (20) with 0 < δ ≤ 0.5. The nar-
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row peak in the real part of the conductivity σ1(T ), near
Tc, in HTS single crystals can be explained in terms of
an effective medium model, taking into account strong
electron-phonon coupling of the quasiparticles and inho-
mogeneous broadening of the superconducting transition.
It is natural to compare the tenets of our phenomeno-
logical model with the results of microscopic theories. As
was shown in Refs.40 and61, the simple formula (1), which
defines the linear low temperature dependence of the
magnetic field penetration depth in the ab-plane of HTS
crystals, is consistent with the d-wave model25–27 in the
limit of strong (unitary) scattering31. Besides, there is
nothing foreign in introducing the function 1/τ(T ) ∝ T 5
for the purpose of characterizing scattering in the su-
perconducting state of HTS. A similar temperature de-
pendence of the relaxation rate of quasi-particles follows
from the SC model if the phonon corrections to the elec-
tromagnetic vertex are taken into account95.
In the framework of our modified two-fluid model, the
linear low T –dependence of the real part of conductiv-
ity σ1(T ) is consistent with a constant scattering rate,
as it is in a normal metal. While the assumption of a
Drude form of the conductivity is supported by the d-
wave microscopic analysis31, it was shown that pair cor-
relations in the usual impurity scattering models lead to
strong T –dependence of the scattering time (neglecting
vertex corrections), namely, τ(T ) ∝ T in unitary limit,
or τ(T ) ∝ 1/T in the Born limit. An attempt to re-
solve this problem in Ref.16 by choosing an intermediate
scattering rate has not provided satisfactory results yet.
Very recently the authors of Refs.96 and97 argue that ex-
perimental observation σ1(T ) ∝ T could be explained
by the generalized Drude formula σ1(T ) ∝ nqp(T )τ(T ) if
the quasiparticle density varies as nqp(T ) ∝ T (as indeed
happens for d-wave pairing) and if the effective quasi-
particle scattering time τ(T ) saturates at low T . Vari-
ous possible physical mechanisms of the temperature and
energy dependence of τ are discussed in96,97: scattering
from the ”holes” of the order parameter at impurity sites,
and scattering from extended defects. These mechanisms
may provide the required saturation of τ(T ) at low T .
As was discussed recently in Ref.98, the vertex correc-
tions can also modify the low temperature conductivity.
However, the temperature dependence has not been in-
vestigated yet.
Nevertheless, the microscopic models, which have been
investigating the microwave response based on a pure d-
wave order parameter symmetry, cannot account for the
linear section of the Rs(T ) curves extending to Tc/2 (at
frequencies of 10 GHz and below) in tetragonal HTS sin-
gle crystals, observation of radically different values of
the slopes of σ2(T ) for T ≪ Tc (corresponding to α > 1
in Eq. (20)), observed on YBCO crystals8–12, and un-
usual features of σ2(T ) in the intermediate temperatures
range.
Recently, observations of unusual microwave properties
of HTS materials have caught the attention of a number
of researchers43–47,55,56. These observations are tenta-
tively attributed to mixed (d+ s)-wave symmetry of the
order parameter. Most studies deal with the low tem-
perature variation of the London penetration depth and
its relation to an order parameter of mixed symmetry.
In particular, it was shown in Ref.55 that the low tem-
perature properties of λ(T ) can be used to distinguish
between a pure d-wave order parameter and one with
(s + id) symmetry, having a small subdominant s-wave
contribution in systems connected with a tetragonal lat-
tice. Moreover, additions of impurities suppress the d-
wave symmetric part to the benefit of the s-wave part.
As a result, a variety of low-temperature dependencies
of λ(T ) is possible for various impurity concentrations,
which allows one, in principle, to determine whether or
not the order parameter of a superconductor with an or-
thorhombic lattice is of (s + id) or (s + d) symmetry53.
In Ref.46 the (d + s) model was generalized to take into
account the normal state anisotropy. This is the realistic
approach to high-Tc cuprates with an orthorhombic dis-
tortion, since recent microwave conductivity data suggest
that a substantial part of the ab-anisotropy of λ(T ) is a
normal state effect. It was shown that such an anisotropy
affects not only the ab-anisotropy of the transport coef-
ficients, but also the density of states and other thermo-
dynamic quantities. The possible temperature variation
of the penetration depth λ(T ) was analyzed recently in
Ref.56 in the framework of the (d + s) model of hybrid
pairing. The slope of the ∆λ(T ) ∝ T for T ≪ Tc and its
dependence on the ∆s/∆d admixture in the gap function
was analyzed quantitatively, taking into account the im-
purity scattering. However, the quantitative comparison
of the latter calculation with the experimental data has
not been performed yet. More interesting discoveries in
this field of research can be expected in the near future.
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